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We compute the scaling properties of the localization length ξ2 of two interacting particles in a
one-dimensional chain with diagonal disorder, and the connectivity properties of the Fock states.
We analyze record large system sizes (up to N = 20000) and disorder strengths (down to W = 0.5).
We vary the energy E and the on-site interaction strength u. At a given disorder strength the largest
enhancement of ξ2 occurs for u of the order of the single particle band width, and for two-particle
states with energies at the center of the spectrum, E = 0. We observe a crossover in the scaling of
ξ2 with the single particle localization length ξ1 into the asymptotic regime for ξ1 > 100 (W < 1.0).
This happens due to the recovery of translational invariance and momentum conservation rules in
the matrix elements of interconnected Fock eigenstates for u = 0. The entrance into the asymptotic
scaling is manifested through a nonlinear scaling function ξ2/ξ1 = F (uξ1).
The fundamental question about the interplay of An-
derson localization [1] and many-particle interactions
has driven both analytical and numerical studies for
decades [2–7]. In particular, celebrated many body lo-
calization transitions for a macroscopic system with a
finite particle density have been predicted using pertur-
bation theory approaches [7]. It is most natural then
to turn attention on a seemingly simple problem of two
interacting particles (TIP) in a one-dimensional disor-
dered tight binding chain (with hopping strength t = 1)
which has both ingredients: localization and interaction.
While there is little doubt that in one spatial dimension
the two particles stay localized for any onsite (and in gen-
eral short-range) interactions at finite disorder strength,
there are conflicting results on how the localization length
ξ2 of the most extended TIP states scales with the sin-
gle particle localization length ξ1 in the limit of weak
disorder ξ1  1. Predictions and numerical conclusions
for ξ2 ∝ ξα1 range from α = 1 [8, 9] over α ≈ 1.6 [10]
to α = 2 [10, 11]. Ponomarev et al suggested that the
scaling will be modified with a nonuniversal exponent
α(u) depending on the strength of interaction u [12],
and discussed logarithmic corrections α = a + b ln(ξ1).
Even with only two particles, the computational task
turns difficult since weak disorder values are targeted,
and the required system size increases rapidly with de-
creasing disorder strength. The asymptotic scaling sets
in for ξ1 ≥ 100 when momentum conservation correla-
tions and translational invariance begin to be restored in
the single particle eigenstates [13]. Yet most numerical
studies focused on the more accessible region ξ1 < 100
and therefore yield at best ξ2 ≈ 2...3ξ1 [10, 14–18]. A re-
cent Green’s function computation by Frahm [19] entered
the scaling regime with reaching ξ1 ≈ 400 and ξ2 ≈ 9ξ1.
However, at the chosen interaction strength unavoidable
finite size corrections [20] will bring this number down
to ξ2 ≈ 6ξ1 according to our present computations. In
addition a completely overlooked impact comes from the
interaction strength u and the eigenstate energy E.
In this work, we show that in the regime of asymptotic
scaling ξ1 ≥ 100 the connectivity between Fock states
(non-interacting eigenstates) is strongly selective due to
combining energy conservation with emerging momen-
tum conservation. In order to computationally assess ξ2
in the asymptotic scaling regime, we extend the projected
Green’s function method used in Ref. [15] by adding a fi-
nite size scaling and increasing the system size by more
than one order of magnitude, and by systematically vary-
ing the energy E and the interaction strength u. We show
that the largest values of ξ2 at given ξ1 are obtained for
E = 0 and u ≈ 3. We report the record values ξ2 ≈ 16ξ1.
The entrance into the asymptotic scaling is manifested
through a non-linear scaling function ξ2/ξ1 = F (uξ1).
The single particle Anderson Hamiltonian in one space
dimension is given by
H0 =
∑
n
[t(|n〉〈n+ 1|+ |n+ 1〉〈n|) + Vn|n〉〈n|] , (1)
where |n〉 denotes a basis state with one particle located
on site n, t denotes the nearest neighbor hopping which
we fix to unity in all computations t = 1, and Vn is
an onsite potential, sampled from a uniform distribution
[−W/2,W/2]. W characterizes the strength of disorder in
the system. The eigenenergies {Eµ} ∈ [−2t− W2 , 2t+ W2 ]
and the eigenfunctions {φµ(n) ≡ |µ〉} of the single par-
ticle problem (1) are obtained by diagonalising H0. The
spectrum is symmetric around E = 0 and has width
∆1 = 4t + W . The single particle localization length
ξ1 controls the exponential decay of an eigenfunction
φµ(|n| → ∞) ∼ e−|n|/ξ1 . For W < 4 the largest lo-
calization length ξ1 at E = 0 is well approximated by
ξ1 ≈ 100t2/W 2.
Two indistinguishable particles are described with the
basis states |n,m〉, where n and m ≥ n stand for their
coordinates. The two interacting particles (TIP) Hamil-
tonian is then defined with the use of the basis states
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FIG. 1. (Color online) Coupling strength ratio R for µ0 = ν0 and Eµ0 ≈ 0 for u = 1.0 versus ν, µ in units of ξ1. (a) W = 0.5,
(b) W = 2 and (c) W = 4. Data are averaged over 5000 disorder realizations.
|n,m〉 as:
H = H0 + uP . (2)
The operator P |n,m〉 = δnm |n,m〉 projects a two par-
ticle state onto the basis states with doubly occupied
sites. The parameter u controls the strength of the inter-
action. Since we address states with the largest localiza-
tion length in the center of the spectrum with only two
particles involved, neither the type of interaction (repul-
sive with positive u or attractive with negative u) nor the
particle statistics will influence the quest for the asymp-
totic scaling.
We first evaluate the interaction-induced connectivity
in Fock space in order to establish the asymptotic scal-
ing regime parameters, and in order to estimate the rel-
evant energy scales. A Fock state (µ, ν) ≡ |µ〉 ⊗ |ν〉 is
an eigenstate of the two particle system for u = 0 with
eigenenergy Eµ,ν ≡ Eµ + Eν . The interaction induces
a matrix element 〈µ, ν|uP |µ′, ν′〉 = uIµ′,ν′µ,ν between two
Fock states with the overlap integral
Iµ
′,ν′
µ,ν =
∑
n
φ∗µ′(n)φ
∗
ν′(n)φµ(n)φν(n) . (3)
The energy difference between the chosen two Fock states
is given by ∆E = Eµ′ + Eν′ − Eµ − Eν . A strongly
connected pair of Fock states is found if the ratio [13]
Rµ
′,ν′
µ,ν ≡
∣∣∣∣∣ uIµ
′,ν′
µ,ν
Eµ′ + Eν′ − Eµ − Eν
∣∣∣∣∣ > 1 . (4)
Krimer et al showed in Ref. [13] that the overlap in-
tegrals turn from random like for W > 1 to selective
ones in accord with the restoration of translational in-
variance and the corresponding momentum conservation
for W < 1, thus invalidating the analytical considera-
tions in Refs. [10, 11] in accord with earlier predictions
by Ponomarev et al. [12].
Here we follow the computational method of Ref. [13].
In a nutshell, we choose a reference single particle state
|µ0〉 with Eµ0 ≈ 0 and reference Fock state |µ0, ν0 ≡ µ0〉.
We find all single particle states {|ν〉} whose coordinates
xν =
∑
n nφν(n) are within the range of one localization
length distance from xµ0 , i.e. |xν − xµ0 | ≤ ξ1. Each
set is sorted with ascending energy Eν with the conven-
tion ν0 = 0. In the limit of weak disorder the index
ν will be related to a wave number. Each pair |µ, ν〉
corresponds to a new Fock state which may have sig-
nificant overlap R > 1 with the reference state. The
resulting disorder averaged (5000 realizations) distribu-
tion of R is plotted versus ν/ξ1, µ/ξ1 in Fig.1 for three
different values of W = 4, 2, 0.5. The broad distribution
for W = 4 in Fig. 1(c) is replaced by one major thin
resonance line ν = µ for W = 0.5 in Fig. 1(a). The
restoring of translational invariance leads to a momen-
tum conservation related selection rule of plane waves
with fixed boundary conditions [13] and approximately
reads ν0 + µ0 = ν + µ which results in ν = −µ with our
reference state choice. In addition the largest coupling
strength ratio R is obtained for the smallest energy dif-
ferences ∆E which imply Eµ = −Eν , resulting again in
the condition ν = −µ due to the particle-hole symmetry
of the single particle spectrum. As a result, for weak dis-
order W < 1 the asymptotic connectivity regime of Fock
states is observed. In this regime, energy and momentum
are approximately conserved, and only a selected set of
about ξ1 Fock states with |ν,−ν〉 is strongly connected.
Their overlap integrals can be approximated replacing
φν(n) ≈ eiνn/
√
ξ1 by plane waves normalized to a box
of size ξ1. It follows I ≈ 1/ξ1. The Fock state ener-
gies of that group are confined to an interval of width
∆1/ξ1 due to energy conservation, and result in a level
spacing δ2 ≈ ∆1/ξ21 . We conclude that the selected set
of strongly interacting Fock states is characterized by an
effective disorder Weff ≈ ∆1/ξ21 and an effective hop-
ping teff ≈ u/ξ1. A naive use of the localization length
estimate for a corresponding tight binding chain would
result in ξ2 ∼ 100 u2∆21 ξ
2
1 .
To proceed we compute the localization length ξ2,
following Ref. [15] where it was shown that the full
Dyson equation for the two-particle Green’s function
(GF) G = (E −H)−1 can be solved for basis states with
double occupancy using the non-interacting u = 0 GF
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FIG. 2. (Color online) ξ2/ξ1 vs u for various energies E. a) W = 0.75 and E = 0, 0.5, 1; b) W = 1 and E = 0, 0.5, 1.0, 1.5,−1.0;
c) W = 1.5 and E = 0, 0.5, 1. The circle in plot b) shows the location of an anomaly where ξ2 at a given value of u is enhanced
for non-zero energy values E.
G0 = (E −H0)−1 as
G˜ =
G˜0
1− uG˜0
, (5)
where G˜ = PGP and G˜0 = PG0P are projections of the
full and non-interacting GFs onto double occupancy sites.
This remarkable result allows to assess the wave func-
tion of the interacting system on double occupied sites
through solving the non-interacting eigenvalue problem,
and thus allows to measure the TIP localization length
enhancement. The localization length ξ2 is then defined
as the exponent of the exponential decay of G˜:
1
ξ2
= − lim
|n−m|→∞
ln |〈n, n|G|m,m〉|
|n−m| (6)
where ... denotes the disorder average. To compute the
projected GF G˜0 we solve the single particle eigenvalue
problem and compute
〈n, n|G0(E)|m,m〉 =
∑
µ,ν
φµ(n)φν(n)φ
∗
µ(m)φ
∗
ν(m)
E − Eµ − Eν . (7)
We fix the system size N , compute the average ln G˜n,m
using up to 1000 disorder realizations, and fit the ob-
tained exponential decay to extract the two particle lo-
calization length ξ2(N) (6). We then vary N up to values
N = 20000 and extract ξ2(N →∞) from a finite size fit
ξ2(N) = ξ2 + a/N , similar to what was practiced for
much smaller systems in Ref. [20] For the case u = 0 we
test the prediction ξ2 = ξ1/2 [15] numerically and ob-
tained very good agreement, once the system size was
sufficiently large.
To proceed to nonzero interactions, we compute ξ2/ξ1
as a function of u for different values of the energy E
and disorder strength W as shown in Fig. 2. For fixed E
and W we find that ξ2 passes through a maximum umax
upon increasing u and decreases with further increasing
u. This decreasing for u ≥ ∆1 is due to doubly occupied
site states being tuned out of the spectrum of the remain-
ing two-particle continuum, see Ref. [12] for details. The
value of umax ≈ 3t is in agreement with the prediction
from Ref. [12] as well. In addition we observe an anomaly
at u ≈ t and E ≈ 1 for W ≤ 1 where the localization
length ξ2 is enhanced as compared to E = 0. However,
the record value of ξ2 for each studied disorder strength
is found for the band center E = 0 and the interaction
strength umax ≈ 3t. As shown above, the resonantly in-
teracting Fock state groups contain ∼ ξ1 member states
and are characterized by two energy scales - an effective
disorder strength Weff ≈ ∆1/ξ21 and an effective matrix
element teff ≈ u/ξ1. The ratio of both yields a dimen-
sionless new parameter teff/Weff = uξ1/∆1. In the
limit of weak disorder ∆1 turns simply into a constant
leaving us with the relevant parameter uξ1. We then plot
ξ2/ξ1 ≡ F (uξ1) versus uξ1 in Fig. 3(a). For uξ1 < 50 we
find agreement with the data from [15] which indicate
F (x) ∼ x. Lowering W < 1 leads to an increase of uξ1
and a consequent crossover into the asymptotic scaling
regime, which shows a significant slowing down of the
increase of the TIP localization length. The correspond-
ing scaling function F (x) turns nonlinear with sublinear
growth for large values of x > 50. The extrapolation of
the data from [15] (dashed line) overestimates the TIP
localization length by at least a factor of 6 for values
x = uξ1 = 1500. Similarly the data from Frahm’s com-
putations [19] overestimate the length by a factor f up to
2 for x = 1500, probably due to finite size effects which we
did take into account. The crossover into the asymptotic
regime at x ≈ 50 is highlighted in Fig. 3(b). Notably the
record values of the TIP localization length are obtained
for u ≈ 3. The solid line in Fig. 3(a) connects these data
points, and indicates sublinear growth of ξ2/ξ1 with uξ1
and a corresponding nonlinear scaling function F (x).
In order to test the single parameter scaling assump-
4tion [21], we compute the participation number as
PN =
ξ2
N
N/ξ2∑
l=1
P (n ≡ lξ2) , P (n) = (
∑
m |G˜n,m|)2∑
m |G˜n,m|2
. (8)
As with the localization length ξ2, we average the com-
puted numbers with up to 1000 disorder realizations, and
additionally perform a finite size scaling to eliminate fi-
nite size corrections. The values of the ratio PN/ξ2 for
W = 0.5, 0.75, 1.0, 1.5, 2.0 are plotted in Fig. 4. We ob-
serve that 1 ≤ PN/ξ2 ≤ 1.5 which indicates that the
extension of the TIP wavefunctions is of the same order
as the localization length ξ2 which controls their expo-
nential decay, confirming the single parameter scaling.
In conclusion, we showed that two interacting parti-
cles in a disordered potential enter an asymptotic scaling
regime of their localization length ξ2 in units of the sin-
gle particle localization length ξ1 for weak disorder due
to the restoring of momentum conservation in the single
particle eigenfunctions. This scaling regime was missed
in previous numerical studies (which span more than two
decades of research). The ratio ξ2/ξ1 = F (uξ1) grows to
record values of F = 15 for ξ1 = 400 and u = 3, albeit the
growth is much slower than anticipated from earlier nu-
merical studies and reflected in a nonlinear dependence of
the scaling function F (x) on its argument. Our findings
are supported by the manifestation of resonant couplings
between fragile groups of Fock states which have much
smaller size (ξ1) than originally anticipated (ξ
2
1). Further,
the fragility is supported by the presence of particle-hole
symmetry due to the bipartite nature of the tight bind-
ing chain for a single particle in the limit of weak disor-
der. This particle-hole symmetry guarantees that reso-
nant groups of Fock states can conserve both momentum
and energy. We expect that a violation of particle-hole
symmetry e.g. by adding next-to-nearest-neighbour hop-
pings will reduce the size of the resonantly interacting
Fock state groups and further reduce the enhancement
factor of ξ2 over ξ1.
This work was supported by the Institute for Basic Sci-
ence in Korea (IBS-R024-D1). T.E. acknowledges finan-
cial support by the Alexander-von-Humboldt foundation
through the Feodor-Lynen Research Fellowship Program
No. NZL-1007394-FLF-P. We thank Boris Altshuler and
Mikhail Fistul for stimulating discussions.
[1] P. W. Anderson, “Absence of diffusion in certain random
lattices,” Phys. Rev. 109, 1492–1505 (1958).
[2] L. Fleishman and P. W. Anderson, “Interactions and the
anderson transition,” Phys. Rev. B 21, 2366–2377 (1980).
[3] T. V. Shahbazyan and M. E. Raikh, “Surface plasmon in
a two-dimensional anderson insulator with interactions,”
Phys. Rev. B 53, 7299–7307 (1996).
[4] V. I. Kozub, S. D. Baranovskii, and I. Shlimak,
“Fluctuation-stimulated variable-range hopping,” Solid
State Comm. 113, 587–591 (2000).
[5] Ziqiang Wang, Matthew P. A. Fisher, S. M. Girvin,
and J. T. Chalker, “Short-range interactions and scal-
ing near integer quantum hall transitions,” Phys. Rev. B
61, 8326–8333 (2000).
[6] Thomas Nattermann, Thierry Giamarchi, and Pierre
Le Doussal, “Variable-range hopping and quantum creep
in one dimension,” Phys. Rev. Lett. 91, 056603 (2003).
[7] D.M. Basko, I.L. Aleiner, and B.L. Altshuler, “Metalin-
sulator transition in a weakly interacting many-electron
system with localized single-particle states,” Ann. Phys.
321, 1126 – 1205 (2006).
[8] Rudolf A. Ro¨mer and Michael Schreiber, “No enhance-
ment of the localization length for two interacting parti-
cles in a random potential,” Phys. Rev. Lett. 78, 515–518
(1997).
[9] R.A. Ro¨mer, M. Schreiber, and T. Vojta, “Two inter-
acting particles in a random potential: Numerical calcu-
lations of the interaction matrix elements,” Phys. Stat.
Sol. B 211, 681–691 (1999).
[10] D. L. Shepelyansky, “Coherent propagation of two inter-
acting particles in a random potential,” Phys. Rev. Lett.
73, 2607–2610 (1994).
[11] Y Imry, “Coherent propagation of two interacting parti-
cles in a random potential,” Europhys. Lett. (EPL) 30,
405–408 (1995).
[12] I. V. Ponomarev and P. G. Silvestrov, “Coherent propa-
gation of interacting particles in a random potential: The
mechanism of enhancement,” Phys. Rev. B 56, 3742–
3759 (1997).
[13] D. O. Krimer and S. Flach, “Interaction-induced connec-
tivity of disordered two-particle states,” Phys. Rev. B 91,
100201 (2015).
[14] K Frahm, A Mller-Groeling, J.-L Pichard, and D Wein-
mann, “Scaling in interaction-assisted coherent trans-
port,” Europhys. Lett. (EPL) 31, 169–174 (1995).
[15] Felix von Oppen, Tilo Wettig, and Jochen Mu¨ller,
“Interaction-induced delocalization of two particles in a
random potential: Scaling properties,” Phys. Rev. Lett.
76, 491–494 (1996).
[16] K.M. Frahm, “Interaction induced delocalization of two
particles: large system size calculations and dependence
on interaction strength,” Eur. Phys. J. B 10, 371–378
(1999).
[17] S De Toro Arias, Xavier Waintal, and J-L Pichard, “Two
interacting particles in a disordered chain iii: Dynamical
aspects of the interplay disorder-interaction,” The Eu-
ropean Physical Journal B-Condensed Matter and Com-
plex Systems 10, 149–158 (1999).
[18] D. O. Krimer, R. Khomeriki, and S. Flach, “Two inter-
acting particles in a random potential,” JETP Lett. 94,
406–412 (2011).
[19] Klaus M. Frahm, “Eigenfunction structure and scaling of
two interacting particles in the one-dimensional anderson
model,” Eur. Phys. J. B 89, 115 (2016).
[20] P. H. Song and Doochul Kim, “Localization of two inter-
acting particles in a one-dimensional random potential,”
Phys. Rev. B 56, 12217–12220 (1997).
[21] B. Kramer and A. MacKinnon, “Localization: theory and
experiment,” Rep. Prog. Phys. 56, 1469–1564 (1993).
50 500 1000 1500 2000 2500
u 1
0
5
10
15
2/
1
W=0.5
W=0.75
W=1.0
W=1.5
W=2.0
W=3.0
Ref[19]
Ref[15]
Ref[15] prediction
2max
(a)
0 50 100 150
u 1
0
1
2
3
4
5
6
7
2/
1
(b)
FIG. 3. (Color online) (a) ξ2/ξ1 versus uξ1 for different values of W . Data from Ref. [15, 19] are included for comparison. The
scaling result from Ref. [15] is shown with a dashed line. The largest obtained values for ξ2 are connected with a solid black
line. (b) A zoom of (a) to highlight the crossover into the asymptotic scaling region at uξ1 ≈ 50.
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FIG. 4. (Color online) Participation number PN in units of
the computed localization length ξ2 as a function of u for
various values of disorder W .
